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Abstract
We discuss the importance of and the need for (additional) boundary conditions in Mixture Theory (also known as the Theory
of Interacting Continua). Specifically, we will give an overview of the model due to Rajagopal and Massoudi which is appropriate
for the flow of a linearly viscous fluid infused with solid particles. The solid particles are modeled as granular materials. In
this formulation the need for additional boundary condition arises due to higher gradients of density (or volume fraction). The
challenging issue of how to ‘split’ the total stress or the total velocity at the boundary is also discussed.
c© 2007 Elsevier Ltd. All rights reserved.
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1. Introduction
In a recent paper, Rajagopal [1, p. 314] states that: “No discussion of constitutive theory for bodies would be
complete which does not discuss the constitutive relations that hold at the boundary of two bodies”. In a mathematical
problem involving differential equations, the boundary conditions for a variable need to be specified; its value and/or
its derivative are usually given at the boundaries. One of the outstanding issues, much debated, in mixture theory and
higher order theories is the specification of boundary conditions, which has been addressed in [2–4] for flow of fluids
through non-linear elastic solids such as rubber, and for mixtures in general. The basic question is whether conditions
such as traction-free surfaces should apply to the individual traction vectors associated with the stress tensors of the
solid and fluid phases, or to the traction vector of the mixture. Similar questions exist with regard to the velocity
boundary conditions.
Multiphase flow problems occur in a wide range of applications in chemical, nuclear, agricultural, pharmaceutical,
and process technologies. In recent years, due to the advent of faster and more efficient computers and more accurate
numerical schemes, many CFD (Computational Fluid Dynamics) codes have been developed. These codes, in many
instances, have been used as verification tools or as a means to evaluate the existing experiments. In some instances,
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Nomenclature
a Acceleration vector
avm Relative acceleration between components
Ai Interaction coefficients, i = 1–5
b Body force vector
D Symmetric part of the velocity gradient
fI Interaction force vector
I Identity tensor
L Gradient of velocity vector
p Fluid pressure
Re Reynolds number
T Stress tensor
v Velocity vector
W Spin tensor
x Position vector
Greek letters
λ f Second coefficient of fluid viscosity
µ First coefficient of fluid viscosity
v Volume fraction of the solid
ρ Density
ρo Reference density
ϕ Volume fraction of fluid
Subscripts
1, f Referring to the fluid phase
2, s Referring to the solid phase
m Referring to the mixture
Superscripts
T Transpose
* Dimensionless quantity
Other symbols
div Divergence operator
∇ Gradient operator
tr Trace of a tensor
⊗ Outer product
· Dot product
the true potential of these codes, which is their predictive capabilities, has also been utilized. An important issue is the
appropriateness of the linear and simple physical models which are embedded in these codes. As more sophisticated
and more complex materials, such as fibers, composites, nanoparticles, etc., enter into the field of study, the need to
improve and derive more accurate constitutive relations also increases.
When describing, from a continuum point of view, the behavior of materials such as rubber, water, metals, or
polymers, one can regard each of these as a single continuum. However, in many instances, we encounter ideal
gas mixtures, fluid mixtures, bubbly liquids, alloys, composites, suspensions, fluidized particles, porous media and
pneumatic systems that cannot be regarded as a single constituent continuum. In these cases, it is more appropriate
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to assume that the material consists of more than one constituent. The large number of articles published concerning
multiphase flows typically employ one of the two continuum theories developed to describe such situations: Mixture
Theory (or the theory of interacting continua) or Averaging [5,6]. Both approaches are based on the underlying
assumption that each phase may be mathematically described as a continuum. A general theory of interacting continua,
i.e., mixture theory, based on modern continuum mechanics can be applied to the above-mentioned problems.
Truesdell [7] was the first to set up the mathematical theory of mixtures in which phenomena of diffusion, dissociation,
combination, and chemical reaction in the broadest sense can be represented. Later, Truesdell [8] studied the
mathematical theory of the diffusion in a mixture using four different approaches, namely: (i) the kinematical, leading
to Fick’s equation of diffusion, (ii) the hydrodynamical (Maxwell–Stefan equations of motion for the constituents in
a mixture of fluids), (iii) the kinetic (Maxwell–Chapman–Enskog formulas in a mixture of dilute monatomic gases),
and (iv) the thermodynamic approach, which is suitable for the diffusive flux in more general fluid mixtures. Kelly [9]
presents a general theory for a reacting continuum. The mixture theory methodology is in a sense, a homogenization
approach in which each component is regarded as a single continuum and at each instant of time, every point in space
is considered to be occupied by a particle belonging to each component of the mixture [10]. It provides a means for
studying the motions of bodies made up of several constituents by generalizing the equations and principles of the
mechanics of a single continuum. A brief review of the notation and basic equations of Mixture Theory is presented
in this section. More detailed information, including an account of the historical development, is available in [10–21].
We consider the mixture of fluid and solid particles to form a purely mechanical system in which thermal,
electromagnetic, and chemical reactions are ignored [these effects can of course be included in more general theories
of mixtures]. The fluid in the mixture will be represented by S1 and the particles by S2. At each instant of time, t , it
is assumed that each point in space is occupied by particles belonging to both S1 and S2. Let X1 and X2 denote the
positions of particles of S1 and S2 in the reference configuration. The motion of the constituents is represented by the
mappings:
x1 = χ˜1(X1, t), and x2 = χ˜2(X2, t). (1)
These motions are assumed to be one-to-one, continuous, and invertible. The kinematical quantities associated with
these motions are:
v1 = D1χ˜1Dt , v2 =
D2χ˜2
Dt
, (2)
a1 = D1v1Dt , a2 =
D2v2
Dt
, (3)
L1 = ∂v1
∂x1
, L2 = ∂v2
∂x2
, (4)
W1 = 12 (L1 − L
T
1 ), W2 =
1
2
(L2 − LT2 ), (5)
D1 = 12 (L1 + L
T
1 ), D2 =
1
2
(L2 + LT2 ), (6)
where v denotes velocity, a is acceleration, L is the velocity gradient, D denotes the symmetric part of the velocity
gradient, and W is the spin tensor. D1/Dt denotes differentiation with respect to t , holding X1 fixed, and D2/Dt
denotes the same operation holding X2 fixed. Also, ρ1 and ρ2 are the bulk densities of the mixture components given
by:
ρ1 = ϕρ f , ρ2 = vρs, (7)
where ρ f is the density of the pure fluid, ρs is the density of the solid grains, ϕ is the volume fraction of the fluid
component, and v is the volume fraction of the solid. For a saturated mixture ϕ = 1 − v. The mixture density, ρm is
given by:
ρm = ρ1 + ρ2, (8)
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and the mean velocity vm of the mixture is defined by:
ρmvm = ρ1v1 + ρ2v2. (9)
Once the individual stress tensors are derived (or proposed), a mixture stress tensor can be defined as [15]
Tm = T1 + T2, (10)
where
T1 = (1− v)T f and T2 = Ts, (11)
so that the mixture stress tensor reduces to that of a pure fluid as v → 0 and to that of a granular material as φ → 0.
T2 may also be written as T2 = vTˆs , where Tˆs may be thought of as representing the stress tensor for some (quite
densely packed) reference configuration of the granular material.
2. Governing equations
In order to show where and how constitutive relations are needed in multiphase flow problems, we present the
basic equations of motion. In the absence of any chemical, thermal, or electromagnetic effects, these equations are the
conservation laws for mass, linear momentum, and angular momentum.
2.1. Conservation of mass
Assuming no interconversion of mass between the two constituents, conservation of mass for the fluid and solid
are:
∂ρ1
∂t
+ div(ρ1v1) = 0, (12)
and:
∂ρ2
∂t
+ div(ρ2v2) = 0. (13)
2.2. Conservation of linear momentum
Let T1 and T2 denote the partial stress tensors of the fluid S1 and the solid S2, respectively. Then the balance of
linear momentum for the fluid and solid are given by:
ρ1
D1v1
Dt
= div T1 + ρ1b1 + fI , (14)
ρ2
D2v2
Dt
= div T2 + ρ2b2 − fI , (15)
where b represents the body force, and fI represents the mechanical interaction (local exchange of momentum)
between the components.
2.3. Conservation of angular momentum
The balance of moment of momentum implies that:
T1 + T2 = TT1 + TT2 . (16)
The partial stresses however need not be symmetric.
Eqs. (12)–(16) represent the basic governing equations for two-phase flows consisting of a large number of solid
particles suspended in a fluid medium (such as air or water). However, these equations have to be supplemented with
constitutive relations for T1, T2 and fI . This is known as the ‘closure’ problem. In the next section, we will give a
160 M. Massoudi / Computers and Mathematics with Applications 53 (2007) 156–167
brief review of the rationale for modeling T1, T2, and fI using the theory of interacting continua due to Rajagopal and
Massoudi [22–24]. Eqs. (12)–(16) can be applied to any two-phase flow systems, where the dispersed phase is dense
enough that it can be treated as a continuum.
3. Constitutive equations
The differences among the materials that make up different bodies are reflected in the theory by constitutive
relations. Mathematically, the purpose of the constitutive relations is to supply connections between kinematic,
mechanical, and thermal fields that are compatible with the balance equations and that, in conjunction with them,
provide a theory that is solvable for properly posed problems. The mechanical behavior of real materials is very diverse
and complex; it is impossible to formulate equations capable of describing the stress in a body under all circumstances.
However, just as different figures in geometry are defined as idealizations of natural objects, continuum mechanics
seeks to establish particular relations between the stress tensor and the motion of the body for “ideal materials”
[25]. These equations describe the most important features of the behavior of a material in a given situation. In
some instances, it may be necessary to represent the same real material by different ideal materials in different
circumstances. A classic example is that of the theory of incompressible viscous fluids, which gives an excellent
description of the behavior of water flowing through pipes, but is useless for the study of the propagation of sound
waves through water [26]. While a constitutive equation is a postulate or a definition from the mathematical standpoint,
physical experience remains the first guide, perhaps reinforced by experimental data.
Deriving constitutive relations for the stress tensors and the interaction forces are among the outstanding issues of
research in multiphase flows. The non-linearities in the constitutive relations give rise to a host of interesting problems
from a computational point of view. Since we are interested in the flow of solid particles entrained in a viscous fluid,
we use the mechanics of granular materials to obtain an expression for the stress tensor of the solid phase. In general,
the constitutive expressions for T f and Ts depend on the kinematical quantities associated with both the constituents.
However, we assume that Ts and T f depend only on the kinematical quantities associated with the solid and fluid
phases, respectively. This assumption is sometimes called “the principle of phase separation” and was first put forward
by Adkins [11,12].
The fluid is assumed to be a linearly viscous fluid and its constitutive equation is
T f =
[−p(ρ1)+ λ f (ρ1)trD1] I+ 2µ f (ρ1)D1 (17)
where p is the fluid pressure, µ f is the viscosity and D1 is the symmetric part of the velocity gradient of the fluid, and
λ f is the second coefficient of viscosity.
A granular material covers the combined range of granular powders and granular solids with components ranging
in size from about 10 µm up to 3 mm. A powder is composed of particles up to 100 µm (diameter) with further
subdivision into ultrafine (0.1–1.0 µm), superfine (1–10 µm), or granular (10–100 µm) particles. A granular solid
consists of materials ranging from about 100 to 3000 µm [27]. Two of the unusual properties of dense granular
materials are: (i) normal stress differences, and (ii) yield criterion. The first was observed by Reynolds [28] and is
normally called ‘dilatancy’ [29]; this is a manifestation of non-equal normal stresses, similar to the rod-climbing and
die–swell phenomena in rheology. The second peculiarity is that for a granular medium to flow there is often a yield
stress below which the particles do not flow. This yield condition is often related to the angle of repose, friction,
and cohesion, among other things. These two issues have made the constitutive modeling of granular materials very
challenging. Among the most popular yield criteria is the Mohr–Coulomb criterion [30], though by no means the only
one. The model proposed and derived in [30], based on the earlier work of Rajagopal and Massoudi [31] includes the
effects of dilatancy and Mohr–Coulomb yield condition.
There are many ways to study and model granular materials. For flowing granular materials where particles are
colliding with other particles and sliding over each other, methods in continuum mechanics can be used. In this
approach one assumes that the material properties of the ensemble may be represented by continuous functions.
One of the early continuum models for flowing granular materials, based on the principles of modern continuum
mechanics, was proposed by Cowin [32,33]. Another approach used in the modeling of granular materials is based on
the techniques used in the kinetic theory of gases [34,35]. Recent review articles [36–38] and books [39–42] address
many of the interesting issues in the field of granular materials. Here we assume that the stress tensor in the flowing
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granular material is that given in [31]:
Ts = [βˆ0(ρ2)+ βˆ1(ρ2)grad ρ2 · grad ρ2 + βˆ2(ρ2)trD2]I+ βˆ3(ρ2)D2 + βˆ4(ρ2)grad ρ2 ⊗ grad ρ2, (18)
where D2 is the symmetric part of the velocity gradient of the solid, βˆ0, βˆ1, βˆ2, βˆ3 and βˆ4 are material parameters.
βˆ1 and βˆ4 reflect the distribution of the granular particles; βˆ0 plays a role similar to pressure in a compressible fluid;
βˆ2 is a viscosity similar to the second coefficient of viscosity in a compressible fluid; βˆ1 denotes the viscosity of the
granular solid. When ρs is constant, the material parameters are assumed to have the following form:
βˆ0 = kv,
βˆ1 = β10 + β11v + β12v2,
βˆ2 = β20 + β21v + β22v2,
βˆ3 = β30 + β31v + β32v2,
βˆ4 = β40 + β41v + β42v2, (19)
where v is defined as the volume fraction of the solid component. Since the stress should vanish as v tends to zero, we
can conclude that β20 = β30 = 0. The above representation can be viewed as a Taylor series approximation for the
material parameters. Such a quadratic dependence, at least for the viscosity β3, is on the basis of dynamic simulations
of particle interactions [43,44]. Rajagopal and Massoudi [31] have also shown that k < 0.
For laminar flow of a mixture of an incompressible fluid and a granular material the mechanical interaction force
is assumed to be of the form [45,46]
fI = A1grad v + A2F(v)(v2 − v1)+ A3v(2trD12)−1/4D1(v2 − v1)+ A4v(W2 −W1)(v2 − v1)+ A5avm,
(20)
where W2 and W1 are the spin tensors for the solid and fluid phases respectively; v2 and v1 are the velocities of
the solid and the fluid phases respectively. The terms on the right hand side of Eq. (20) reflect the presence of non-
uniform solid distribution (diffusion), drag, slip-shear lift, spin lift and virtual mass. Since the flow is steady, the
virtual mass effects are neglected. Spin lift is also neglected since it is usually much smaller than slip-shear lift. These
various forms have been proposed by different researchers. This is achieved by generalization of the results of a single
spherical particle immersed in a fluid medium to an assembly of particles by including volume fraction dependence
in the material properties. For a detailed discussion see [45,46].
4. Boundary conditions
The typical boundary conditions used in analytical/numerical procedures to solve any differential equations
are: (i) Dirichlet boundary conditions where the value of the unknowns are prescribed on the boundary; (ii)
Neumann conditions where the normal gradient of the unknowns are specified; and (iii) boundary conditions where
a combination of the unknown quantities and their normal gradients are specified. The need for additional boundary
conditions arises in many areas of mechanics, whenever non-linear or microstructural theories are used.1
In a very important paper, Rajagopal et al. [3] developed a novel scheme to split the total stress for a class of
problems in which the boundary of the mixture is assumed to be in a state of saturation. These problems deal with
diffusion of fluids through non-linear elastic materials, such as rubber. This additional boundary condition is obtained
by the variation of the Gibbs free energy of dilution being zero. As a result of this thermodynamic restriction, a
relationship between the total stress tensor, the stretch tensor and the volume fraction of the solid phase is obtained.
Saturation condition is explained by Rajagopal and Tao [21, p. 31] as: “. . . a state in which a small element of the solid
adjacent to the fluid is in a state in which it cannot absorb any more fluid, that is whatever fluid enters the elemental
volume along the boundary has to exit through the elemental volume so that there is no accumulation of the fluid”.
Tao and Rajagopal [4] suggested a purely mechanical method for the splitting of the traction. If x is a point on the
1 For example, in higher grade fluids in the mechanics of non-Newtonian fluids [47], in polar fluids [48], in liquid crystals [49,50] or in mixture
theory [3], the need is discussed and suggestions are offered.
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boundary surface of the mixture region and ts and t f are the surface tractions at x associated with the solid and the
fluid phases respectively, then
ts = (Ts)Tn,
t f = (T f )Tn, (21)
where n is the unit outward normal vector at x. They assumed that the boundary surface fraction δS
f
δS occupied by the
fluid component at x is given by
δS f
δS
= δV
f
δV
, (22)
where δV f is the volume occupied by the fluid phase in δV . Then the traction vector t f at x is given by
t f = δS
f
δS
t, (23)
where t is the total applied surface traction at x. They also showed that
(T f )Tn = ρ
f
ρ
f
R
t (24)
and
(Ts)Tn = ρ
s
ρsR
t, (25)
where ρsR and ρ
f
R are the mass densities of the solid phase and the fluid phase in their reference states, and ρ
s and ρ f
denote their mass densities in the current state.
In Rajagopal and Massoudi’s model [24] it is not the tractions which are of interest in general but the velocities.
This is because in their approach the solid particles and fluid phase are both moving and diffusing through each
other, and the problem is how to specify velocities at the boundary. For free surface flows, on the other hand, the
splitting of the traction vector becomes the main difficulty. Sometimes these additional boundary conditions can
be provided from experimental data, and sometimes they can be based on other theories or physical insights. In
Rajagopal and Massoudi’s approach no couple stresses are allowed. Nevertheless, due to the higher order gradients of
volume fraction, they also find it necessary to provide additional boundary conditions for solving practical and simple
boundary value problems. In the remainder of this section we discuss the various types of boundary conditions which
have been used by Rajagopal, Massoudi and co-workers.
5. Specification of boundary conditions for simple boundary value problems
For a fully developed flow of a particulate mixture, it is assumed that the velocity and volume fraction fields are of
the following forms:
v1 = u(y)i,
v2 = w(y)i,
v = v(y),
(26)
where ‘i’ is a unit vector in the direction of the motion, and ‘y’ designates the normal direction to the flow. Once these
kinematical assumptions along with the constitutive relations (17)–(20) are substituted in the governing equations
(12)–(15), we obtain a system of second order coupled non-linear ordinary differential equations. In order to eliminate
the pressure term, cross-differentiation is used, and as a result the order of the fluid momentum equation increases.
To have a properly posed system, two boundary conditions are necessary for the solid velocity w, two conditions for
the volume fraction v, while three boundary conditions are needed for the fluid velocity [22,23]. For a thorough and
comprehensive analysis of these types of non-linear and coupled equations we refer the reader to [51].
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The effect of boundaries on the flow of granular materials has been studied experimentally [52,53]. The same
experiment was performed by the two groups, where Savage and Sayed [52] roughened the walls of their shear-cell
with sand paper while Hanes and Inman [53] glued particles on the wall. Craig et al. [54] have also looked at the effect
of boundary conditions.
5.1. Symmetry conditions
In general, whether we use the kinetic theory approach or the continuum approach for modeling granular materials,
the need for additional boundary conditions arises. In the continuum theories of Goodman and Cowin [55,56], where
density gradient is included with various modifications given in [22,23,57–59], two boundary conditions on the volume
fraction are required. In the numerical solution of shearing motion of a fluid–solid flow, Passman et al. [58] prescribed
the value of the volume fraction at the two plates. In the kinetic theory approach, additional boundary conditions are
also necessary for the value of the fluctuating energy which is related to what is usually referred to as the granular
temperature [60–66].
For problems with bounded domain and with a certain degree of symmetry, such as flow in a vertical pipe [67], one
can prescribe at the center of the pipe the following condition:
dv
dr
= 0, (27a)
du
dr
= dw
dr
= 0, (27b)
where v is the volume fraction, and u and w are the velocity components of the two phases in the direction of the flow.
For (horizontal) flows where lift forces are important and there is a competing effect between gravity and lift forces,
symmetry conditions are not appropriate [22,23].
5.2. Conditions at the solid walls
On solid surfaces, unless one relies on experiments, or unless one artificially and manually glues particles (as a thin
layer) to the wall, one can prescribe a value such as
v = vw (at the wall). (28)
Another helpful condition, though strictly speaking not a boundary condition, is an integral condition such as a
mass flux, providing an average value. For example, for the case of pipe flow, we can use
N = 2pi
∫ r
0
vrdr, (29)
where the value of N is an input to the problem. Obviously, this complicates the numerical procedure since it is a
constraint on v. Numerical values for v on the boundary could also be obtained from experiments [68] by observing
that v → 0 as r → R (R is the radius of the pipe) for small values of N .
In most cases, it is assumed that the no-slip boundary condition applies to the velocity components. Therefore,
u = w = 0 at the boundaries. (30)
However, in many situations slip may occur at the wall, especially when the interstitial fluid is a gas, and therefore
the classical assumption of adherence boundary condition at the wall no longer applies; see [69] for a review of slip
flow. While the phenomenon of slip at the wall occurs more frequently in the flow of rarefied gases and certain poly-
mers, for the majority of fluid flows, the no-slip boundary condition is a reasonable one. Perhaps, the idea of specifying
a slip condition at the wall goes back to Navier [70] who introduced a constant ζ to describe slip at the surface:
ζus = µdudn , (31)
where us is the slip velocity, µ is the fluid viscosity, u is the fluid velocity, and n is the normal of the wall directed
into the fluid. Of course, there has been evidence for many years that for flows of some non-Newtonian fluids slip
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occurs at the wall. In fact, it is possible that the boundary condition is more complex in that the material ‘stick-slips’
on the boundary.2 If the shear stress is below a certain value, the material adheres to the boundary, while it slips above
a critical value of the shear stress. Such a phenomenon has been observed in polymeric materials and is the source of
surface instabilities observed in polymeric extrusion. An early attempt to generalize condition (31) for non-Newtonian
fluids was made by Pearson and Petrie [71] in the form
us = f (τw)τw, (32)
where τw is the wall shear stress.3 For most applications, a generalization of Navier’s hypothesis is [1]:
u · t = −k(Tn · t) k > 0, (33)
where t and n are the unit tangent and normal vectors at the boundary, and k, in general can depend on the normal
stress as well as the shear rate. Massoudi and Phuoc [72] proposed that for granular materials the slip velocity is
proportional to the stress vector at the wall, i.e.,
us = g[(Tsn)x , (Tsn)y], (34)
where Ts is the stress tensor for the granular phase, n is the unit normal vector and g in general could be a function
of surface roughness, volume fraction (density), shear rate, etc. With the constitutive relation given by (18) and (19),
for a fully developed flow equation (34) becomes [72]
us = g
[
β0 sinα + β1 sinα
(
dvw
dy
)2
+ β3
2
cosα
dw
dy
]
, (35)
where α is the angle of inclination, and the second term inside the brackets indicates that density (or volume fraction)
gradients can affect the slip velocity.
5.3. Conditions at the free surface
Another interesting problem is the fully developed flow of a mixture down an inclined plane. This problem was
studied by Beevers and Craine [73] for the mixture flow of two Newtonian fluids. For free surface flows, in general,
the location of the free surface is not known and one must find this surface as part of the solution. For steady flows,
one can use the kinematical constraint
u · n = 0. (36)
For unsteady flows, the problem is more complicated [74]. On the free surface it is known that the stress is zero,
i.e., we can prescribe the traction-free boundary condition. For a mixture, however, it is not clear whether t is zero,
or whether the individual traction vectors ts , and t f are zero. For a fully developed flow, where the location of the
free surface, i.e., the constant height of the free surface, is known a priori, based on [4] Ravindran et al. [75] assumed
that the tangential components of the individual traction vectors are zero, while the normal components are weighted
according to the volume fraction. That is, they assumed that the atmospheric pressure on the top surface is split
between the two components in the ratio of their respective volume fractions:
Ts
(
0
1
)
=
(
0
vPatm
)
. (37)
This leads to two conditions at Y = H (i.e., at the free surface), for the solid phase:
dw
dy
= 0, (38)
β0 + (β1 + β4)(1+ v + v2)(ρ2s )(v′)2 = vPatm, (39)
2 Rajagopal [1] also discusses the threshold-slip boundary condition which we will not discuss here.
3 Hutter et al. [61,62] in their studies of granular materials used a similar relationship to relate the slip velocity, us , and the fluctuating energy of
the flow, θ , of avalanches on an inclined plane.
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where prime designates derivative with respect to y. And for the fluid phase we have
T f
(
0
1
)
=
(
0
(1− v)Patm
)
. (40)
This leads to the following condition at Y = H (i.e., at the free surface),
du
dy
= 0. (41)
The additional boundary condition for the fluid phase is obtained by specifying the flow rate of the mixture,
Qvolumetric =
∫ 1
0
VmdY =
∫ 1
0
[(1− v)u + vw]dY. (42)
Alternatively, the flow rate of the mixture can be prescribed. The mass flow rate for a two-component mixture is
defined as:
Qm =
∫ 1
0
ρmVmdY =
∫ 1
0
[(1− v)ρ f + vρs][(1− v)u + vw]dY. (43)
When the mixture is neutrally buoyant, i.e., ρ f = ρs = ρ, these two quantities are related by
Qm = ρQ. (44)
In the general context of boundary conditions and Mixture Theory, Rajagopal and Tao [21, p. 37] state that “The
only means of determining which of these boundary conditions is more appropriate is to carefully conduct a series of
experiments and to compare the predictions of the theory for various boundary conditions in order to evaluate their
efficacy.” From a numerical point of view, the boundary conditions on the velocities and volume fractions at the wall
are simple to specify. The integral conditions, on the other hand, cannot be specified as such. Instead, a shooting
method is used in which V ′ at a wall is specified instead of Q, and v at the walls is specified instead of N . We then
calculate Q and N and compare the values to some target values. The boundary conditions on V ′ and v are adjusted
accordingly. This shooting approach requires that a target value for Q (Qtarg) and two guesses for V ′ (V ′G1 and V ′G2)
be given initially. V ′G1 is used as a boundary condition to obtain the value of QG1; V ′G2 is used as a boundary condition
to obtain QG2. A new value of V ′ is calculated from:
V ′ = V
′
G2(QG1 − Qtarg)− V ′G1(QG2 − Qtarg)
QG1 − QG2 . (45)
This V ′ is then used to calculate a new Q. V ′G2 and QG2 are then copied over V ′G1 and QG1, which are discarded.
V ′ calculated above and the Q obtained using it become the new V ′G2 and QG2. These new values are used in the
above equation to calculate still another value of V ′ and thus another Q. This process is repeated until Q converges to
Qtarg. For additional information about this and many of the other issues discussed in this paper, we refer the reader
to [22,23,75,76]. Finally, a very important class of problems which we have not discussed are the unsteady flows of
mixtures [77], which in addition to the initial conditions, may also involve periodic boundary conditions.
6. Summary and a few comments
In this paper, we have looked at the various types of boundary conditions used by Rajagopal and Massoudi in their
Mixture Theory formulation. Since the constitutive model that they use for the granular phase depends upon density (or
volume fraction) gradients, the need for additional boundary conditions is also discussed. Furthermore, for a special
class of problems, such as the free surface flow of mixtures, a method to split the traction vector is devised. In general, a
shortcoming of all higher order or higher gradient theories is the necessity of assigning boundary conditions for certain
terms, which appear in the governing equations. Quite often these boundary conditions are not derived from first
principles; instead they are given as ad-hoc assumptions, or they are simply specified as mathematical conveniences.
Sometimes experiments have been used successfully to specify these necessary additional boundary conditions. The
multiple natural configurations theory developed by Rajagopal and co-workers is an alternative method which has
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been used in a variety of applications [78]. This theory does not suffer from these shortcomings and is currently being
developed for granular materials and mixtures [79].
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